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Trees can accelerate queries that search or aggregate values over large collections. They achieve this by storing
metadata that enables quick pruning (or inclusion) of subtrees when predicates on that metadata can prove
that none (or all) of the data in a subtree affect the query result. Existing systems implement this pruning logic
manually for each query predicate and data structure. We generalize and mechanize this class of optimization.
Our method derives conditions for when subtrees can be pruned (or included wholesale), expressed in terms of
the metadata available at each node. We efficiently generate these conditions using symbolic interval analysis,
extended with new rules to handle geometric predicates (e.g., intersection, containment). Additionally, our
compiler fuses compound queries (e.g., reductions on filters) into a single tree traversal. These techniques
enable the automatic derivation of generalized single-index and dual-index tree joins that support a wide
class of join predicates beyond standard equality and range predicates. The generated traversals match the
behavior of expert-written code that implements query-specific traversals, and can asymptotically outperform
the linear scans and nested-loop joins that existing systems fall back to when hand-written cases do not apply.
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1 Introduction
Augmented tree data structures accelerate queries over large collections of data. They achieve this
by storing metadata, such as bounding boxes or aggregate values, at internal nodes that enable
traversals to exclude or include entire subsets without examining each individual element. This
mechanism, known as pruning or culling, is widely used: in database systems indexes are used to
accelerate range and point queries [14, 28], in graphics systems acceleration structures are used to
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skip occluded geometry [36, 46] and to efficiently find collisions [20, 53], and in scientific computing
spatial trees are used to limit computation to relevant regions [4, 33].
Despite their ubiquity, pruning logic is manually implemented. Traditional acceleration trees,

such as Bounding Volume Hierarchies (BVHs) [20, 36, 46], B-trees [14], and R-Trees [28], encode
pruning rules operationally through hand-written traversal logic. Generalized Search Trees [30]
attempt to unify these structures under a common abstraction, but rely on user-specified search
and consistency predicates. As a result, every new query requires a new hand-engineered traversal
for every data structure [19, 67–69]. Modern query engines [50, 71, 77] must therefore treat these
tree queries as opaque, manually optimized operators specialized to particular queries, rather than
reusable mechanisms for accelerating a broad class of queries.
This work introduces a new direction: automatically generating tree traversals from separate

specifications of the query and the tree data structure. Hand-written traversals across domains
follow a single principle: traversals exploit necessary and sufficient conditions parameterized by tree
metadata that determinewhether a predicate is guaranteed to hold or fail for all elements in a subtree.
This principle extends naturally to reductions: for associative reductions (e.g., sum, product), subtree
metadata can be used to include entire subsets without visiting individual elements; for reductions
of idempotent operators (e.g., min, max), subtree metadata can be used to skip subtrees that cannot
impact the running aggregate. Our key insight is that these conditions can be automatically derived
from high-level query predicates and annotations of tree metadata.
To enable the derivation of custom pruning logic, we adopt the perspective of data indepen-

dence [13]: the query should be decoupled from themetadata used to accelerate it. Tree specifications
provide this metadata as language-level annotations, allowing the compiler to derive pruning logic
from the annotations and query operators. Mechanizing both the derivation of pruning conditions
and the use of metadata for reductions enables fully automated generation of fused traversal code,
eliminating the need for hand-written traversals.
Our approach is built on two core steps: First, a lowering algorithm fuses the operators of a

high-level query into a tree traversal. The resulting traversal is expressed in terms of abstract
necessary and sufficient predicates that guide pruning. Second, we use symbolic analysis to derive
the implementation of the concrete necessary and sufficient conditions specific to the given query
and tree’s metadata. We use symbolic interval analysis to generate these conditions and provide a
novel extension for analyzing spatial relations such as intersection and containment. Together, these
techniques enable generation of specialized traversals for a broad class of search and non-equijoin
algorithms, extending beyond what traditional systems support. Our technical contributions are:

• A lowering algorithm that fuses set filters and reductions into work-efficient tree traversals.
• A technique, termed predicate analysis, that extends symbolic interval analysis with rules for
geometric operators, to derive pruning conditions from query predicates and tree metadata.

• Two generalized tree-based non-equijoin algorithms, enabled by the above techniques.

Query Language

Predicates

Tree Speci�cations

Fusion +
Predicate Analysis Tree Traversal IR C++

Annotations

We implement these ideas in the Bonsai com-
piler, whose architecture is shown on the right.
Bonsai compiles queries written in a simple
functional query language (Section 3). Trees are
separately declared as ADTs with metadata an-
notations (Section 4). Bonsai’s lowering algorithm (Section 5) fuses query operations into a tree
traversal by recursively rewriting a tree traversal intermediate representation (TTIR) defined in Sec-
tion 5.1. Lowering filters and idempotent reductions to pruning traversals requires the generation
of pruning and inclusion functions, which Bonsai derives via predicate analysis (Section 6). Finally,
we demonstrate that the fusion algorithm can also generate code for joins (filters of products)
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that coiterate multiple trees (Section 7). Across a range of benchmarks, our generated traversals
match hand-written code and asymptotically outperform the linear scans and nested-loop joins
that systems fall back to when hand-written cases do not apply.
Although Bonsai is a set operator compiler that produces efficient implementations of range

queries, spatial joins, and similar classes of operations, it lacks features needed for it to be used as a
backend for a relational database management system (DBMS). In particular, it would need a query
planner and associated cost model, as well as efficient non-tree operator implementations (e.g.,
sort-merge join, hash join, deduplication, etc.). Bonsai is most accurately described as an operator
compiler: it generates efficient implementations of individual and fused operators, but does not
decide the order of the operators, which operators to fuse, or the allocation of temporaries. We
discuss directions of future work for integrating our techniques into DBMSs in Section 11.

2 The Structure of AcceleratingQueries with Trees
To illustrate the basic concepts of how trees can accelerate queries, consider a range query:
finding all 1D points in a collection whose x coordinate lies between lo and hi (inclusive):
type Point = { x : f32; id : i32; };
func rangeq(ps : Set <Point >, lo hi : f32) = filter (|p : Point| lo ≤ p.x && p.x ≤ hi, ps);

Building a tree over the points can accelerate filtering. Consider the following tree, built on two
variants: a leaf node that stores a single point; and an interior node with two children augmented
to hold the lower bound and upper bound (xl, xh) of the x coordinates of all points stored below it.
type ITree = Leaf(p : Point) | Interior(left right : ITree , xl xh : f32);

The range query can be efficiently implemented on this tree by considering three cases on an
Interior node’s metadata:

Always If the query range contains a subtree’s range, all descendants are returned.
Maybe If the query range overlaps the subtree’s range, some descendants may be in the query

range, so the children are recursively visited and their subresults are unioned.
Never Otherwise, no descendants are included in the query, so the node is pruned.
We illustrate these cases in the below tree traversal code, where yield returns a singleton set

and scan t returns all points in subtree t. We illustrate an example tree on the right. A range
query with lo=-10 and hi=10 descends to the root’s children, pruning the left subtree (first dashed
box). It then descends on the right subtree, scanning the dotted orange box because its interval is
contained in the query interval, and pruning its sibling (second dashed box).
func _rangeq(t : ITree , lo hi : f32) =
match t
| Leaf(p) � if lo ≤ p.x && p.x ≤ hi: yield p
| Interior(left , right , xl, xh) �

if lo ≤ xl && xh ≤ hi: scan t
elif lo ≤ xh && xl ≤ hi: _rangeq(left , lo, hi) ∪

_rangeq(right , lo, hi)
else: {};

-10 10

-50
id: 1

-49
id: 0

-30
id: 2

-20
id: 4

0
id: 6

4
id: 3

35
id: 5

50
id: 7

[-50, 49] [-30, -20] [0, 4] [35, 50]

[-50, -20] [0, 50]

[-50, 50]

These cases correspond to necessary and sufficient conditions on the query predicate. The always
case requires a sufficient condition (one that guarantees the query predicate is true). The never
case prunes a subtree when the necessary condition is false (the query predicate cannot be true). If
neither of these cases is satisfied, the query predicate is maybe true, so the traversal must recurse.

Similar reasoning can be used to accelerate idempotent and associative reductions. To illustrate,
we extend our range query example to compute the minimum id of any point within the range:
func minq(ps : Set <Point >, lo hi : f32) = min(|p : Point| p.id,

filter (|p : Point| lo ≤ p.x && p.x ≤ hi, ps));
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The min operation is both idempotent and associative. These properties enable two comple-
mentary optimizations: Associativity allows traversal to skip traversing fully-contained subtrees
(in the always case) by directly composing a precomputed minimum stored in the tree instead
of scanning for it; the idempotent property enables value-based pruning: if a subtree’s minimum
cannot improve the current best, we can skip it entirely (another never case).

To illustrate the use of these properties, we can extend the ITree to store the minimum id of its
subtree as idl. This value can be used both to update the running minimum when a node is fully
contained and in the pruning condition for the idempotent property. We provide the fused and
lowered min-id-range query on the extended ITree below. When visiting the dotted orange box,
the traversal uses its idl value to update the running minimum. The rightmost dashed box can
then be pruned in one of two ways: it does not overlap the query interval, and it has a greater idl
than the best found so far.
func _minq_impl(t : ITree , lo hi : f32 , best : mut i32) =
match t
| Leaf(p) � if lo ≤ p.x && p.x ≤ hi: best = min(p.id, best)
| Interior(left , right , xl, xh, idl , idh) �

if lo ≤ xl && xh ≤ hi: best = min(idl , best) // inclusion
elif lo ≤ xh && xl ≤ hi:

if idl < best: // value -based pruning
_minq_impl(left , lo, hi, best)
_minq_impl(right , lo, hi, best);

func _minq(t : ITree , lo hi : f32) =
let best : mut i32 = i32_max in _minq_impl(t, lo, hi, best);
best;

-10 10

-50
id: 1

-49
id: 0

-30
id: 2

-20
id: 4

0
id: 6

4
id: 3

35
id: 5

50
id: 7

[-50, 49]
idl: 0

[-30, -20]
idl: 2

[0, 4]
idl: 3

[35, 50]
idl: 5

[-50, -20]
idl: 0

[0, 50]
idl: 3

[-50, 50]
idl: 0

This fusion provides asymptotic benefits by eliminating the allocation of an intermediate and
enabling value-based pruning via the running minimum. Without fusion, the range query must
construct the entire filter output before computing the minimum id.
To make such optimizations systematic, we now describe how queries and data structures can

be specified in a way that makes their properties explicit. The next sections introduce a simple
language for describing high-level set queries, alongside a language for expressing tree structures
annotated with the metadata they store.

3 Query Language
Bonsai’s query specification language consists of queries over unordered finite sets and multisets.
Their element type can be any primitive type (integer, float, enum, fixed-length vectors of primitive
types) or (often) a product type of primitive types. Geometry types are product types extended
with spatial relationships defined on them (e.g., intersects and contains).

3.1 Set Operations
Bonsai supports operations on unordered sets and multisets: filter, reduce map, and product
(the Cartesian product). In addition to these standard operations, Bonsai provides a number of
idempotent reductions (e.g., argmin/argmax, min/max, and any/all). Bonsai operations have the
same semantics for sets and multisets. For the sake of brevity, we refer to sets and multisets
collectively as sets throughout the rest of the paper. Standard aggregations such as count or avg
can be implemented by a map followed by a reduce: Bonsai’s fusion algorithm ensures that this
decomposition does not introduce inefficiencies. Reductions and filters are the primary operations
accelerated by tree data structures, though filters or reductions of products can also be accelerated,
as we illustrate in Section 7. We provide the grammar of Bonsai queries in Figure 1 and type
signatures in Figure 2.
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The set operators any, all, and filter accept a predicate that maps the set elements to boolean
values. We support a grammar of scalar operations (comparators, conjunctions, disjunctions,
mathematical operators, etc.) in addition to geometric predicates. The latter is discussed below.

3.2 Geometric Operations
In Bonsai, the type of a geometric object is a product type along with defined spatial relationships
between pairs of geometric object types. Rather than restricting users to a hardcoded set of shapes,
Bonsai supports arbitrary geometric entities (e.g., volumes, polygons, rays, points) provided the
type exposes spatial relationships.

Our spatial operators follow the semantics of Egenhofer and Herring [17], and include topological
operators (e.g., intersects and contains), ordering operators (e.g., ≤𝑋 , which denotes ordering
in the 𝑋 dimension), and metric operations (e.g., distmin). Figure 3 gives visual examples of the
topological and ordering relationships of the spatial operators and Figure 1 lists their grammar,
which is part of the predicate subset of the query languages. While not exhaustive, these operators
are expressive enough to encompass a broad class of spatial queries, including ray tracing, collision
detection, and spatial SQL.
Bonsai provides a user-extensible library of geometric object types (e.g., Ray, Triangle, and

AABB) with their spatial relationships following the implementations of Ericson [20].

𝑞 : Query ::= 𝑠 set variable
| filter(𝑃 , 𝑞) filtered set
| map(𝐹 , 𝑞) mapped set
| reduce(𝑒𝑠 , ⊕, 𝑞) aggregation
| product(𝑞1, 𝑞2) Cartesian product
| min(𝑀 , 𝑞) | max(𝑀 , 𝑞) metric optimization
| argmin(𝑀 , 𝑞) | argmax(𝑀 , 𝑞) arg optimization
| any(𝑃 , 𝑞) | all(𝑃 , 𝑞) conditional logic

𝑃 : Predicate ::= |𝑥 : 𝑇 | 𝑒𝑏 boolean lambda
𝑀 : Metric ::= |𝑥 : 𝑇 | 𝑒𝑟 real-valued lambda
𝐹 : Map ::= |𝑥 : 𝑇 | 𝑒 element transform
𝑒𝑏 : BoolExpr ::= 𝑒𝑠 ⊙ 𝑒𝑠 scalar comparison ⊙ ∈ {< ≤ = ≠ ≥ >}

| 𝑒𝑏 ∧ 𝑒𝑏 | 𝑒𝑏 ∨ 𝑒𝑏 | ¬𝑒𝑏 logical connectives
| contains(𝑒𝑔 , 𝑒𝑔) | covers(𝑒𝑔 , 𝑒𝑔) topological predicates [17]
| disjoint(𝑒𝑔 , 𝑒𝑔) | intersects(𝑒𝑔 , 𝑒𝑔)
| equals(𝑒𝑔 , 𝑒𝑔) | touches(𝑒𝑔 , 𝑒𝑔)
| within(𝑒𝑔 , 𝑒𝑔)
| 𝑒𝑔 ≤𝐷 𝑒𝑔 | 𝑒𝑔 <𝐷 𝑒𝑔 ordering predicates on dimension 𝐷

𝑒𝑟 : RealExpr ::= 𝑥 | 𝑛 | 𝑒𝑟 ⊙ 𝑒𝑟 variables, literals, arithmetic
| distmax(𝑒𝑔 , 𝑒𝑔) | distmin(𝑒𝑔 , 𝑒𝑔) distance metrics

𝑒𝑔 : GeoExpr ::= 𝑥 | 𝐺 (𝑒∗ ) geometric variable or constructor
𝑇 : Type ::= 𝑡 | 𝑇 × 𝑛 scalar and vector types

| Set<𝑇> set of elements
| (𝑇1, . . . ,𝑇𝑘 ) product type (including geometric types)

Fig. 1. Context-free grammar of Bonsai’s query language. The

symbol 𝑠 denotes a set variable, 𝑥 a variable, 𝑛 a numeric literal,

⊕ an associative and commutative binary operator, and 𝐺 a

geometric type constructor (e.g., Ray()).

filter(𝑇 � bool , Set <𝑇 >) : Set <𝑇 >
map(𝑇 � 𝑆 , Set <𝑇 >) : Set <𝑆 >
reduce(𝑇 , 𝑇 × 𝑇 � 𝑇 , Set <𝑇 >) : 𝑇

product(Set <𝑇 >, Set <𝑆 >) : Set <(𝑇, 𝑆)>
min(𝑇 � R, Set <𝑇 >) : R
max(𝑇 � R, Set <𝑇 >) : R
argmin(𝑇 � R, Set <𝑇 >) : 𝑇

argmax(𝑇 � R, Set <𝑇 >) : 𝑇

any(𝑇 � bool , Set <𝑇 >) : bool
all(𝑇 � bool , Set <𝑇 >) : bool

Fig. 2. Type signatures for Bonsai’s set op-

erations. 𝑇 and 𝑆 are primitive types (e.g.,

integers, floats, or product types).

contains(A, B) disjoint(A, B)

intersects(A, B) touches(A, B)

A ≤x B A <y B

A
B A B

A B A B

A A
B

B

Fig. 3. Geometric predicate illustrations.
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3.3 Examples
Bonsai’s query language allows concise data-structure-agnostic representations of not just scalar
queries, but also spatial queries, e.g., closest-hit ray tracing is expressible via:
closest(r : Ray , ts : Set <Triangle >) = argmin (|t : Triangle| distmin(r, t),

filter (|t : Triangle| intersects(r, t), ts));

Shadow ray tracing, which only queries if there is a hit, is even more concise:
shadow(r : Ray , ts : Set <Triangle >) = any(|t : Triangle| intersects(r, t), ts);

Similarly, collision detection (a spatial join) is also concisely representable:
collisions(s0 : Set <Object >, s1 : Set <Object >) = filter (|a b : Object| intersects(a, b),

product(s0, s1));

4 Tree Specification Language
Bonsai provides a data modeling language based on Algebraic Data Types (ADTs) extended with
augmentation annotations that enable the optimization of queries. Augmentations are declarative
annotations over recursive data structures that specify useful metadata invariants, allowing Bonsai
to accelerate certain operations. We focus on three primary types of augmentations:

Bounds augmentations Capture geometric bounds (e.g., intervals in 1D, bounding volumes
in higher dimensions) over a subtree, attached to primitives or fields of sum-typed primitives.
These can be used to accelerate filters and idempotent reductions.

Reduction augmentations Store partial aggregates over a subtree. These can be used to
accelerate associative reductions.

Data tags Explicitly state that an ADT field should be interpreted as a member of the set that
the tree implements.

Annotations are attached using a with clause on standard recursive ADT definitions. For example,
the interval tree from Section 2, implementing a set of Points with fields x and id, is encoded as:
tree ITree implements Set <Point > =
| Interior(left right : ITree , xl xh : f32 , idl idh : i32)
with x in [xl, xh] // implicit forall expands to: forall p in subtree: p.x in [xl, xh]
with id in [idl , idh] // implicit forall expands to: forall p in subtree: p.id in [idl , idh]
with min(id) = idl // implicit forall expands to: min(forall p in subtree: p.id) = idl

| Leaf(p : Point) with data = p;

These annotations directly correspond to the augmentations described above. The first and
second Interior annotations are scalar bounds on the fields x and id, respectively, of all points
stored in the subtree. The third annotation is a reduction augmentation: it essentially marks the
lower bound of id as tight, meaning it can be used to accelerate a min operation over id on a
subtree. For most interval tree implementations, all bounds would be implemented as tight bounds;
for brevity, we do not add these annotations to x and idh in the code snippet above. The Leaf
annotation simply tags p as a set element.

Bonsai allows geometric data to be labeled via the same notation as scalar data. Our specification
language explicitly models object hierarchies, where nodes bound discrete subsets of geometric
primitives (e.g., BVHs [20, 36, 46] or R-trees [28]), rather than spatial hierarchies that recursively
partition the underlying space itself (e.g., k-d trees [7] or octrees). Because spatial partitions allow
primitives to span multiple nodes, they yield weaker structural invariants (overlap rather than
strict set containment) and require complex, query-specific deduplication techniques [18], which
we discuss further in Section 11. Just as Bonsai’s query language supports any geometry-typed
object (Section 3), any geometry-typed object may serve as a bounding volume annotation.
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Consider a standard binary Axis-Aligned Bounding Box (AABB) tree1 [57], which has a leaf and
interior node that both store low and high vectors representing an AABB in 3D space. Bonsai’s
data modeling language represents this structure as:

tree TriBVH implements Set <Triangle > =
| Leaf(low high : vec <f32 , 3>, prims : Triangle []) with data = prims with AABB(low , high)
| Interior(low high : vec <f32 , 3>, left right : TriBVH) with AABB(low , high);

This bounds annotation states that all geometries beneath the node lie within the volume. Note
that while AABBs can be decomposed into per-dimension scalar annotations, other bounding
volumes [20, 82] cannot. This motivates Bonsai’s support for geometry-typed bounds annotations.

We note that there are some tree data structures, such as Benthin et al. [6]’s, that store augmen-
tations for the child nodes in the parent node. This subtly shifts where pruning occurs, but not in a
meaningful way; for brevity of explanation, this paper describes lowering machinery only for the
case where a node stores its own augmentations, not its children.

5 LoweringQueries onto Trees
Our algorithm for fusing queries into tree traversals is a recursive bottom-up rewrite-based tech-
nique, in the spirit of StreamFusion [15]. The key observation is that a tree traversal is structured
as a case analysis over node variants: leaves yield data and interior nodes recurse. Each set operator
applies uniformly over this structure: modifying how data is yielded, whether recursion proceeds,
or how results are combined. This uniformity allows lowering to be expressed as local rewrites
at leaves and recursive nodes, which naturally compose into a single fused traversal. To make
these rewrites precise, we introduce a compact intermediate representation (TTIR) that isolates
exactly the constructs needed for tree traversals. We first show how to lower and fuse set operations
onto trees, abstractly assuming a technique for generating the pruning and inclusion functions
always, maybe, and never for a given predicate; Section 6 shows how we derive these functions.
Algorithm 1 summarizes our lowering procedure, whose rewrite rules are presented and explained
in the following subsections.

5.1 Tree Traversal Intermediate Representation (TTIR)
TTIR is a small fusion calculus for tree traversals, analogous to StreamFusion’s calculus for lists [15].
It is not intended as a general-purpose language; its role is to expose the structure onwhich operators
act: producing data at leaves, recursing at internal nodes, and aggregating results. To that end, TTIR
is a functional IR with match and if for control flow, extended by a handful of domain-specific
constructs:

• yield and iter return data items from leaves, for singletons and sub-collections (e.g., vectors,
arrays) respectively.

• scan aggregates the results of subtrees; it performs a set union by default, but can apply other
reductions (e.g., sum). It can also apply a function to subtree elements before aggregation.

• from recurses on subtrees.
• upd modifies the accumulator of a running reduction.

This design enables fusion: operator-specific rewrites can be defined locally on each construct
and composed recursively. Note that this section discusses scan and from being applied to a single
tree (recursing on its children). Section 7 illustrates an extension to multiple arguments, which is
necessary for coiterating multiple trees, e.g., in lowering product.

1Referred to as an R-tree [28] in the database community.
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The base case of lowering produces a direct traversal of a tree by yielding all singleton data,
iterating all sub-collection data, and scanning all interior nodes. This is the GenerateTreeItera-
tor method referenced on Line 5 of Algorithm 1. To illustrate, consider the lowering of iteration
on the example tree on the left, into the traversal code on the right:

tree ExampleTree implements Set <i32 > =
| Leaf(i : i32) with data = i
| LargeLeaf(is : vec <i32 , 4>) with data = is
| Interior(left right : ExampleTree );

func traverse(t : ExampleTree) = match t
| Leaf(i) � yield i
| LargeLeaf(is) � iter is
| Interior(left , right) � scan t;

The scan is applied to t itself rather than its children. This reflects the fact that augmentations
are associated with the current node, and later compilation steps will exploit them. If instead
augmentations were stored on the children (as in Woop et al. [82]), the traversal would scan the
children directly, with their results implicitly unioned.

5.2 Lowering Filters
Filtering refines which leaves yield an element, and whether recursion continues at interior nodes.
LowerFilter in Algorithm 2 generates code with this behavior. At leaves, data is tested against
the predicate 𝑃 before being yielded or iterated. Recursive nodes are scanned if 𝑃 is always true
for the subtree, are recursed on if 𝑃 might be true, and are pruned otherwise. Figure 4a shows the
lowered filter for predicate 𝑃 on ExampleTree.
This rewrite allows naturally fusing chained filters, as each simply inserts local conditions on

yield, iter, and scan constructs. We show the result of such fusion in Figure 4b, which scans if
both predicates 𝑃 and 𝑄 can be proven always true and recursively evaluates otherwise. Crucially,
this means the algorithm does not attempt to enumerate all possible truth tables of compound
predicates (e.g., for filter(Q, filter(P, x)) considering every combination of always(P),
always(Q), maybe(P), maybe(Q)). This favors avoiding exponential code explosion and the need
to produce filters specialized for simplified versions of predicates. It is possible that doing so could
yield performance improvements; we simply avoid it to prevent exponential code blow-up.

func filter_P(t : ExampleTree) = match t
| Leaf(i) � if 𝑃 (i): yield i
| LargeLeaf(is) � filter (|i| 𝑃 (i), is)
| Interior(left , right) �

if always(𝑃 , t): scan t
elif maybe(𝑃 , t): from t

(a) Lowering a single filter 𝑃 .

func filter_PQ(t : ExampleTree) = match t ...
| Interior(left , right) �

if always(𝑃 , t):
if always(𝑄 , t): scan t
elif maybe(𝑄 , t): from t

elif maybe(𝑃 , t) && maybe(𝑄 , t): from t

(b) Interior case for filters 𝑃 and 𝑄

Fig. 4. Examples of lowered filters on the ExampleTree.

5.3 Lowering Associative Reductions
Associative reductions can be computed hierarchically, allowing reuse of intermediate results across
subtrees. Each is defined by an idempotent identity value and a commutative,2 associative binary
operator for combining subresults. These algebraic properties make them amenable to acceleration
via tree augmentations that store precomputed values over subsets/subtrees.

Associative reductions on their own can be evaluated directly from augmentations stored at the
root node, but also integrate naturally with filters. A reduction that wraps a filter can be fused into
an efficient traversal that uses precomputed values only when the filter predicate is proven always

2Commutativity is required because our sets are unordered.
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Algorithm 1 Recursive Query Lowering
1: Input: Query expression𝑄
2: Output: TTIR that iterates the query result
3: function Lower(𝑄)
4: match𝑄 with
5: | s⇒ GenerateTreeIterator(s)
6: ⊲ Apply yield and iter to tagged data, and scan to nodes.
7: | filter(𝑃, 𝑆 ) ⇒ LowerFilter(𝑃, 𝑆 ) ⊲ Algorithm 2
8: | map(𝐹, 𝑆 ) ⇒
9: rewrite Lower(𝑆 ) with
10: | yield x⇒ yield 𝐹(x)
11: | iter xs⇒ iter map(𝐹, xs)
12: | scan tr⇒ scan 𝐹(tr)
13: | reduce(𝑖𝑑,𝐶, 𝑆 ) ⇒ ⊲ Lower associative reductions
14: WrapWithAccumulator(a, 𝑖𝑑 ,
15: rewrite Lower(𝑆 ) with
16: | yield x⇒ upd a𝐶(a, x)
17: | iter xs⇒ upd a reduce(𝑎,𝐶 , xs)
18: | scan tr⇒ if tr has𝐶(tr) then
19: upd a𝐶(a, tr.𝐶(tr))
20: else
21: scan<𝐶> tr ) ⊲ End wrapper
22: | product(𝑆0, 𝑆1 ) ⇒ LowerProd(𝑆0, 𝑆1) ⊲ Algorithm 7
23: | min(𝑀,𝑆 ) ⇒ LowerMin(𝑀,𝑆 ) ⊲ Algorithm 2
24: | max(𝑀,𝑆 ) ⇒ LowerMax(𝑀,𝑆 )
25: | argmin(𝑀,𝑆 ) ⇒ LowerArgMin(𝑀,𝑆 ) ⊲ Algorithm 3
26: | argmax(𝑀,𝑆 ) ⇒ LowerArgMax(𝑀,𝑆 )
27: | any(𝑃, 𝑆 ) ⇒ LowerAny(𝑃, 𝑆 ) ⊲ Algorithm 4
28: | all(𝑃, 𝑆 ) ⇒ LowerAll(𝑃, 𝑆 )
29: end function

Algorithm 2 Filter and Min Lowering
1: Input: Query predicate 𝑃 and set expression 𝑆
2: Output: TTIR that iterates the query result
3: function LowerFilter(𝑃 , 𝑆 )
4: rewrite Lower(𝑆 ) with
5: | yield x⇒ if 𝑃(x): yield x
6: | iter xs⇒ iter filter(𝑃, xs)
7: | scan tr⇒ if always(𝑃, tr): scan tr
8: elif maybe(𝑃, tr): from tr
9: | from tr⇒ if maybe(𝑃, tr): from tr
10: end function

11: Input: Query metric𝑀 and set expression 𝑆
12: Output: TTIR that stores the result in accumulator a
13: function LowerMin(𝑀 , 𝑆 )
14: WrapWithAccumulator(a,∞,
15: rewrite Lower(𝑆 ) with
16: | yield x⇒ upd a minb(a,𝑀(x))
17: | iter xs⇒ upd a minb(a, min(𝑀, xs))
18: | scan tr⇒ if tr has min(𝑀, tr) then
19: upd a minb(a, min(𝑀, tr))
20: else if tr has max(𝑀, tr) then
21: upd a minb(a, max(𝑀, tr))
22: if maybe(min(𝑀(tr)) < a):
23: from tr
24: else
25: if maybe(min(𝑀(tr)) < a):
26: from tr
27: | from tr⇒ if maybe(min(𝑀(tr)) < a):
28: from tr ) ⊲ End accumulator wrapper
29: end function

true, recursively evaluating the query predicate otherwise, as illustrated in Section 2. Such fusion
is asymptotically useful, avoiding the need to store the filter result before aggregation.
Lowering an associative reduction is also done through local rewrites on TTIR constructs,

illustrated in Lines 15–22 of Algorithm 1: yield and iter apply the operator on the running
accumulator and the yielded set elements, scan incorporates subtree augmentations when available,
and from continues to recurse. For scans, there are two (compile-time) cases: Lines 19–20 handle
the case that a tree node stores the subresult, and Line 22 applies a reduction scan if the tree node
does not. Note that associative reductions that are also idempotent (e.g., min/max and any/all)
exhibit extra pruning potential; they incorporate value-based pruning when possible.

5.4 Lowering Idempotent Reductions
Idempotent reductions, including min, max, argmin, argmax, any, and all, form reductions over
a lattice structure. They allow subtree pruning whenever it can be proven that a subtree cannot
affect the final result. For example, consider the min-id query from Section 2. During traversal, if
it can be determined that no value in a subtree has a smaller id than the current best, the entire
subtree can be skipped. This observation generalizes to all idempotent reductions: whenever it can
be proven that a subtree does not affect the final result, it need not be visited.

LowerMin in Algorithm 2 illustrates our lowering rewrite for min with a metric applied. yield
and iter simply reduce on the leaf data, and scan and from are rewritten locally to exploit subtree
metrics. Note that scan lowering first applies pruning via the associative reduction property, using
stored metadata if available, but otherwise falls back to value-based pruning that the idempotent
property enables. This lowering leverages minimum-value metadata if available, but can otherwise
use maximum-value metadata to prune the search space conservatively. Such optimizations are in
line with state-of-the-art minimum-distance queries [21, 68].

To illustrate how different storedmetadata enable distinct optimizations, consider amin-reduction
on a filtered set with filter predicate 𝑃 . When lowered on a tree that stores the minimum metric
(MinTree traversal on the left, below), that stored subtree’s value can be used to update the ac-
cumulator any time the predicate 𝑃 is proven true (inclusion-based skipping). When 𝑃 is maybe
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true, the value can still aid further pruning: if it exceeds the running minimum, the subtree cannot
contribute to the result. The same query on a tree that only stores the maximum metric (MaxTree
traversal on the right, below) offers no inclusion-based skipping, but the stored maximum can still
induce a tighter bound on the minimum value.

func min_wmin(t : MinTree , acc : i32&) =
match t
| Leaf(i) � if 𝑃 (i): upd acc minb(acc , i)
| Interior(left , right , min_i) �

if always(𝑃 , t): upd acc minb(acc , min_i)
elif maybe(𝑃 , t):

if min_i < acc: from t

func min_wmax(t : MaxTree , acc : i32&) =
match t
| Leaf(i) � if 𝑃 (i): upd acc minb(acc , i)
| Interior(left , right , max_i) �

if always(𝑃 , t):
upd acc minb(acc , max_i); from t

elif maybe(𝑃 , t): from t

Lowerings for argmin and argmaxmirror those for min and max, but also track the element achieving
the extremum (Algorithm 3). any and all can early-return when the predicate is proven always or
never true on a subtree, as shown in Algorithm 4.

Algorithm 3 Argmin Lowering
1: Input: Query metric𝑀 and set expression 𝑆
2: Output: TTIR that stores the result in accumulator a
3: function LowerArgMin(𝑀 , 𝑆 )
4: WrapWithAccumulator(a, {∞, null},
5: rewrite Lower(𝑆 ) with
6: | yield x⇒ upd a argminb(a, {𝑀(x), x})
7: | iter xs⇒ upd a argminb(a, argmin(𝑀, xs))
8: | scan tr⇒ if tr has max(𝑀, tr) then
9: upd a minb(a, max(𝑀, tr))
10: if maybe(min(𝑀(tr)) < a): from tr
11: else
12: if maybe(min(𝑀(tr)) < a): from tr
13: | from tr⇒ if maybe(min(𝑀(tr)) < a): from tr )
14: end function

Algorithm 4 Any Lowering
1: Input: Query predicate 𝑃 and set expression 𝑆
2: Output: TTIR that stores the result in accumulator a
3: function LowerAny(𝑃 , 𝑆 )
4: WrapWithAccumulator(a, false,
5: rewrite Lower(𝑆 ) with
6: | yield x⇒ upd a (a ∨ 𝑃(x))
7: | iter xs⇒ upd a (a ∨ any(𝑃, x))
8: | scan tr⇒ if always(𝑃, tr):
9: upd a true
10: elif ¬a ∧ maybe(𝑃, tr):
11: from tr
12: | from tr⇒ if ¬a ∧ maybe(𝑃, tr):
13: from tr ) ⊲ End accumulator wrapper
14: end function

6 Predicate Analysis
Lowering filters and idempotent reductions requires generating necessary (maybe) and sufficient
(always) conditions, a process we call predicate analysis. Our implementation uses symbolic interval
analysis. A key insight is that symbolic interval analysis [59] is sufficient for deriving necessary and
sufficient conditions in linear time through a simple AST traversal of the query predicate, in contrast
to general necessary/sufficient condition synthesis (e.g., inductive invariant generation [16, 62]),
which often requires exponential search. Our evaluation shows that interval-derived conditions
are tight enough for real-world applications and match the state-of-the-art systems that manually
implement query-specific pruning. Symbolic analysis thus provides a practical and efficient way to
derive pruning conditions directly from the structure of query predicates.
To clarify the relation between interval analysis and predicate analysis: a necessary condition

(maybe) is a condition implied by the predicate, and is thus an upper bound of the predicate. Likewise,
a sufficient condition (always) implies the predicate, and is thus a lower bound of the predicate. For
scalar expressions, it is therefore sufficient to derive these conditions by applying standard symbolic
interval analysis to generate the bounds on a boolean expression. Many geometric relationships
can be similarly bounded by necessary and sufficient conditions (see Section 6.3).

Notably, pruning works best when bounds are tight: this means that a lower bound should be the
weakest (most frequently true) sufficient condition, and the upper bound should be the strongest
(least frequently true) necessary condition. These correspond to scanning as often as possible and
pruning as often as possible, respectively. This is the ideal goal of generating such bounds, but we
make no guarantees that our algorithm derives the weakest and strongest bounds (notably, for
some correlated expressions, e.g., 𝑥 − 𝑥 , interval analysis is known to produce non-tight bounds).
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We first describe our notation, then provide minor background on scalar interval analysis, and
lastly illustrate our extension to handle geometric predicates such as intersection and containment.

6.1 Notation and Terminology
We denote the lower bound of an expression 𝐸 (either boolean or numeric) as ⌊𝐸⌋, and the upper
bound as ⌈𝐸⌉. Upper bounds and lower bounds are equivalent to always and maybe by:

always(𝐸) = ⌊𝐸⌋ maybe(𝐸) = ⌈𝐸⌉

In interval analysis, it is important to note the difference between varying parameters and
uniform parameters: varying parameters are values in a predicate that can take multiple values,
bounded by either an interval (in the scalar case) or a volume (in the geometric case); uniform
parameters are constant with respect to the queried data. For example, in a standard range query
that searches for all 𝑥 such that 𝑙𝑜𝑤 ≤ 𝑥 ≤ ℎ𝑖𝑔ℎ, 𝑥 is a varying parameter and 𝑙𝑜𝑤 and ℎ𝑖𝑔ℎ are
uniform parameters. Interval analysis rules (including ours in Section 6.3) are frequently defined
differently depending on which operands of an expression are varying or uniform.

If an expression cannot be bounded, its bounds default to the limits of its type, e.g., [false, true]
for boolean expressions, [0, UINTMAX] for unsigned integers, and [−∞,∞] for floats.

6.2 Background: Scalar Interval Analysis
Symbolic interval analysis derives bounds recursively in a bottom-up traversal of the predicate’s AST.
Varying parameters are replaced with their intervals, and operators are evaluated on the intervals
themselves by considering the monotonicity of an operator. We illustrate the reasoning behind
comparisons and boolean combinators here; additional operators are described in Appendix A.

Comparisons. The comparison of two numbers can be bounded by a comparison of the ranges
that bound each number. Consider the expression 𝑥 < 𝑦: if 𝑥 and 𝑦 are varying, then the expression
𝑥 < 𝑦 may be true if 𝑥 ’s lower bound is less than 𝑦’s upper bound (otherwise, all values that 𝑦 can
be are less than all values that 𝑥 can be). Conversely, 𝑥 < 𝑦 is always true if the upper bound of 𝑥 is
less than the lower bound of 𝑦. This reasoning produces the following bounds:

⌈𝑥 < 𝑦⌉ ↦→ ⌊𝑥⌋ < ⌈𝑦⌉ ⌊𝑥 < 𝑦⌋ ↦→ ⌈𝑥⌉ < ⌊𝑦⌋

The ≤ operator has the same monotonicity of operands as <, and can be bounded in the same way.
Likewise, similar reasoning applies to equality, though the lower bound requires that the intervals
of the arguments each contain a single value:

⌈𝑥 = 𝑦⌉ ↦→ ⌊𝑥⌋ ≤ ⌈𝑦⌉ ∧ ⌊𝑦⌋ ≤ ⌈𝑥⌉ ⌊𝑥 = 𝑦⌋ ↦→ ⌊𝑥⌋ = ⌊𝑦⌋ ∧ ⌈𝑥⌉ = ⌈𝑦⌉ ∧ ⌊𝑥⌋ = ⌈𝑥⌉

Boolean combinators. Boolean and, ∧, and boolean or, ∨, are both monotonically increasing in
their arguments, and are therefore bounded by the bounds of their arguments. Boolean negation, ¬,
is monotonically decreasing, and therefore is upper bounded by the negation of the lower bound of
its argument, and lower bounded by the negation of the argument’s upper bound.

⌈𝑎 ∧ 𝑏⌉ ↦→ ⌈𝑎⌉ ∧ ⌈𝑏⌉ ⌈𝑎 ∨ 𝑏⌉ ↦→ ⌈𝑎⌉ ∨ ⌈𝑏⌉ ⌈¬𝑎⌉ ↦→ ¬⌊𝑎⌋

⌊𝑎 ∧ 𝑏⌋ ↦→ ⌊𝑎⌋ ∧ ⌊𝑏⌋ ⌊𝑎 ∨ 𝑏⌋ ↦→ ⌊𝑎⌋ ∨ ⌊𝑏⌋ ⌊¬𝑎⌋ ↦→ ¬⌈𝑎⌉

While such bounds are well-established [73], applying them to generate tree-pruning functions is,
to our knowledge, novel. We further show that this reasoning naturally extends to spatial operators.
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6.3 Geometric Bounds
In the same way that scalar boolean operators are bounded by their necessary and sufficient
conditions parameterized by their bounding intervals, geometric boolean operators can be bounded
by necessary and sufficient conditions parameterized by their bounding volumes.

While this analogy is conceptually straightforward, applying scalar interval analysis directly to
implementations of geometric predicates such as intersects or contains is ineffective in practice.
Such implementations are typically hundreds of lines of specialized geometric code [57], and
interval propagation through this code rarely exposes the high-level spatial relationships necessary
for pruning. Instead, we aim to derive these bounds directly from the semantics of each predicate.

Each geometric predicate in Figure 1 is binary, and can be analyzed by considering three cases:
when the first argument is varying (contained by a bounding volume) and the second is uniform,
when the first argument is uniform and the second is varying, and when both arguments are
varying. Note that symmetric operators like intersects only have two cases, and in the case that
both arguments are uniform, the expression itself is uniform and is a singular-valued interval.

An upper bound is implied by the predicate, and a lower bound implies the predicate. Thus, the
upper bound and lower bound of a predicate 𝑃 satisfy:

𝑃 (𝑋 ) ∧ bounded(𝑋 ) → ⌈𝑃⌉ ⌊𝑃⌋ ∧ bounded(𝑋 ) → 𝑃 (𝑋 )
where bounded(𝑋 ) asserts that all varying parameters are bounded by their respective bounding
volumes, and both the upper and lower bounds refer only to the uniform parameters of 𝑃 and the
bounding volumes of the varying parameters.
As a guiding example, consider searching for all objects contained within a query sphere. If a

subtree is ever fully contained within the query sphere, then all objects in the subtree must be
contained within the query sphere. Alternatively, if the subtree’s bounding volume intersects the
query sphere, it is possible that some objects in the subtree may be contained within the query
sphere. These give rise to the bounds on the containment predicate with a uniform first parameter,
𝑢 (sphere), and a varying second parameter, 𝑣 bounded by a bounding volume 𝑉𝑣 :

⌈contains(𝑢, 𝑣)⌉ ↦→ intersects(𝑢,𝑉𝑣) ⌊contains(𝑢, 𝑣)⌋ ↦→ contains(𝑢,𝑉𝑣)
When the first argument is varying and the second is uniform (e.g., in a query which searches

for all objects that contain a query object), the predicate can be upper-bounded, but a bounding
volume is not enough to prove objects in a bounding volume always contain a query object, so
there is no lower bound based on this augmentation.

⌈contains(𝑣,𝑢)⌉ ↦→ intersects(𝑉𝑣, 𝑢) ⌊contains(𝑣,𝑢)⌋ ↦→ false

Likewise, when both arguments are varying, there is no lower bound, and the upper bound is
simply the intersection of the two bounding volumes (if the bounding volumes do not intersect, it
is impossible for any object in one to contain any object in the other).
We generally see this pattern in geometric predicates: almost all can be upper bounded, which

means they benefit from pruning subtrees where the predicate can never be true, but many do not
have lower bounds, so cannot often be proven to be always true in a given subtree. We provide
the rest of our lower bound and upper bound rules for geometric predicates in Algorithm 5 and
Algorithm 6 below. Note that distances and ordering predicates are monotonic functions, and
therefore are bounded by simply replacing any varying arguments with their bounding volumes. 𝑢
denotes uniform geometric values, 𝑣 , 𝑣0, and 𝑣1 denote varying geometric values with corresponding
bounding volumes 𝑉𝑣 , 𝑉0, and 𝑉1. Ordering relationships (e.g., ≤ and <) are monotonic and are
therefore bounded by rewriting varying arguments to their bounding volumes (not included for
brevity). Metric relationships, distmin and distmax, are always lower bounded by distmin and
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upper bounded by distmax applied to the same arguments but replacing varying arguments with
their bounding volumes (uniform parameters are bounded by themselves for the sake of brevity).

Algorithm 5 Geometric Upper Bounds
1: Input: Geometric predicate 𝐸
2: Output: Upper bound of 𝐸
3: function ⌈𝐸 ⌉
4: match 𝐸 with
5: | contains(𝑢 , 𝑣) ↦→ intersects(𝑢 ,𝑉𝑣)
6: | contains(𝑣,𝑢) ↦→ intersects(𝑉𝑣 ,𝑢)
7: | contains(𝑣0 , 𝑣1) ↦→ intersects(𝑉0 ,𝑉1)
8: | covers(𝑢 , 𝑣) ↦→ intersects(𝑢 ,𝑉𝑣)
9: | covers(𝑣,𝑢) ↦→ covers(𝑉𝑣 ,𝑢)
10: | covers(𝑣0 , 𝑣1) ↦→ intersects(𝑉0 ,𝑉1)
11: | disjoint(𝑢 , 𝑣) ↦→ ¬contains(𝑢 ,𝑉𝑣)
12: | disjoint(𝑣,𝑢) ↦→ ¬within(𝑉𝑣 ,𝑢)
13: | within(𝑢 , 𝑣) ↦→ within(𝑢 ,𝑉𝑣)
14: | within(𝑣,𝑢) ↦→ intersects(𝑉𝑣 ,𝑢)
15: | within(𝑣0 , 𝑣1) ↦→ intersects(𝑉0 ,𝑉1)
16: | equals(𝑢 , 𝑣) ↦→ within(𝑢 ,𝑉𝑣)
17: | equals(𝑣,𝑢) ↦→ contains(𝑉𝑣 ,𝑢)
18: | equals(𝑣0 , 𝑣1) ↦→ intersects(𝑉0 ,𝑉1)
19: | intersects(𝑢 , 𝑣) ↦→ intersects(𝑢 ,𝑉𝑣)
20: | intersects(𝑣,𝑢) ↦→ intersects(𝑉𝑣 ,𝑢)
21: | intersects(𝑣0 , 𝑣1) ↦→ intersects(𝑉0 ,𝑉1)
22: | touches(𝑢 , 𝑣) ↦→ intersects(𝑢 ,𝑉𝑣)
23: | touches(𝑣,𝑢) ↦→ intersects(𝑉𝑣 ,𝑢)
24: | touches(𝑣0 , 𝑣1) ↦→ intersects(𝑉0 ,𝑉1)
25: | _ ↦→ true
26: end function

Algorithm 6 Lower Bounds and Metric Bounds
1: Input: Geometric predicate 𝐸
2: Output: Lower bound of 𝐸
3: function ⌊𝐸 ⌋
4: match 𝐸 with
5: | contains(𝑢 , 𝑣) ↦→ contains(𝑢 ,𝑉𝑣)
6: | covers(𝑢 , 𝑣) ↦→ covers(𝑢 ,𝑉𝑣)
7: | disjoint(𝑢 , 𝑣) ↦→ disjoint(𝑢 ,𝑉𝑣)
8: | disjoint(𝑣,𝑢) ↦→ disjoint(𝑉𝑣 ,𝑢)
9: | disjoint(𝑣0 , 𝑣1) ↦→ disjoint(𝑉0 ,𝑉1)
10: | intersects(𝑢 , 𝑣) ↦→ contains(𝑢 ,𝑉𝑣)
11: | intersects(𝑣,𝑢) ↦→ within(𝑉𝑣 ,𝑢)
12: | within(𝑣,𝑢) ↦→ within(𝑉𝑣 ,𝑢)
13: | _ ↦→ false
14: end function
15: Input: Geometric metric 𝐸 Output: Lower bound on 𝐸
16: function ⌊𝐸 ⌋
17: match 𝐸 with
18: | distmin(𝑣0 , 𝑣1) ↦→ distmin(𝑉0 ,𝑉1)
19: | distmax(𝑣0 , 𝑣1) ↦→ distmin(𝑉0 ,𝑉1)
20: end function
21: Input: Geometric metric 𝐸 Output: Upper bound on 𝐸
22: function ⌈𝐸 ⌉
23: match 𝐸 with
24: | distmin(𝑣0 , 𝑣1) ↦→ distmax(𝑉0 ,𝑉1)
25: | distmax(𝑣0 , 𝑣1) ↦→ distmax(𝑉0 ,𝑉1)
26: end function

7 Joins as Tree Traversals
The previous two sections introduced the machinery required to compile filters and reductions over
sets. Now we show how this machinery can also be used to generate efficient code for non-equijoins,
including spatial joins. The key insight is that a join predicate can be analyzed like a filter predicate
with multiple varying parameters, enabling pruning of both sides of the join.

Traditional database systems implement joins using strategies like hash join (build a hash
table on one side, probe from the other) or sort-merge join (sort both sides, then merge). These
strategies work well for equijoins (equality predicates), but generally do not extend to non-equijoins
with arbitrary predicates, particularly geometric predicates like intersection or containment. Non-
equijoins are often lowered to a nested join, i.e., quadratic enumeration of all pairs followed by
predicate evaluation.

Spatial databases [28] and collision detection algorithms [20] have long used tree-based indexes
to accelerate spatial queries. Our compilation approach generalizes these techniques to arbitrary
predicates by treating join predicates the same way we treat filter predicates: analyzing them
to generate pruning conditions and compile efficient tree traversals. We extend two well-known
strategies: a single-index join analogous to a hash join, and a dual-index join analogous to sort-merge
join and inspired by dual-tree traversals in collision detection and spatial joins.

7.1 Single-Index Join
A straightforward non-equijoin implementation with our techniques is an iterate-locate pattern
akin to hash-join: a tree (index) is built on one side; the other side iterates through its elements,
locating values in the tree that satisfy the join predicate. In functional notation, this is simply:

single(set0 : Set <T>, set1 : Set <S>) = map(|t : T| (t, filter (|s : S| 𝑃 (t, s), set1)), set0);

This expression iterates over each element t in set0 (the outer loop), and for each t, filters set1 to
find all s that satisfy the join predicate 𝑃(t, s). Note that for the purpose of predicate analysis, t
is a uniform parameter and s is a varying parameter.
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Output. The return type of this function is a set of tuples where each tuple contains an element
of type T and a set of elements of type S: Set<(T, Set<S>)>. This represents an implicit groupby
operation, grouping matching S elements by their corresponding T element. If the desired output is
a flat list of pairs Set<(T, S)>, a final flattening step is required.

Performance Characteristics When 𝑛 is the size of the outer set and𝑚 is the size of the inner set,
the worst-case runtime is Θ(𝑛 ·𝑚), when no (or limited) pruning is possible, and the tree traversal
takes linear time. For highly-selective filters that turn the filter logarithmic (e.g., a range predicate),
the complexity is 𝑂 (𝑛 · log |𝑚 | +𝑚 · log |𝑚 |), where the first term corresponds to 𝑛 tree traversals
and the second term corresponds to the tree build complexity (assuming standard tree construction
algorithms [36]). As in databases, the choice of which side to index can significantly impact
performance: indexing the smaller set minimizes build and materialization costs, but indexing the
set with better spatial locality may enable more effective pruning. The outer loop is also trivially
parallelizable.

7.2 Dual-Index Join
In some cases, we can further improve performance with a coiterative join strategy akin to sort-
merge join, inspired by the dual-tree traversals in collision detection [20] and spatial joins [28]. By
building trees on both sides of the join, we can prune subtrees from both input sets simultaneously.
Conceptually, a dual-index join computes a filtered Cartesian product:

dual(set0 : Set <T>, set1 : Set <S>) = filter (|t : T, s : S| 𝑃 (t, s), product(set0 , set1 ));

Algorithm 7 Product Lowering
1: Input: Set expressions 𝑆0 and 𝑆1
2: Output: TTIR that iterates the product of the two sets
3: function LowerProduct(𝑆0 , 𝑆1)
4: rewrite Lower(𝑆0) with
5: | yield x⇒
6: rewrite Lower(𝑆1) with
7: | yield y⇒ yield (x, y)
8: | iter ys⇒ iter map(|y| (x, y), ys)
9: | scan t1⇒ scan {x} t1
10: | from t1⇒ from {x} t1
11: | iter xs⇒
12: rewrite Lower(𝑆1) with
13: | yield y⇒ iter map(|x| (x, y), xs)
14: | iter ys⇒ iter product(xs, ys)
15: | scan t1⇒ scan {xs} t1
16: | from t1⇒ from {xs} t1
17: | scan t0⇒
18: rewrite Lower(𝑆1) with
19: | yield y⇒ scan t0 {y}
20: | iter ys⇒ scan t0 {ys}
21: | scan t1⇒ scan t0 t1
22: | from t1⇒ from t0 t1
23: | from t0⇒
24: rewrite Lower(𝑆1) with
25: | yield y⇒ from t0 {y}
26: | iter ys⇒ from t0 {ys}
27: | scan t1⇒ from t0 t1
28: | from t1⇒ from t0 t1
29: end function

Algorithm. The dual tree traversal computes the
filtered Cartesian product by recursing on a pair of
nodes, one from each side of the join, and checking
if the join predicate can be true in those two subsets.
Abstractly, the traversal is lowered to the traversal
in Figure 5a, which is the result of applying the
lowering rules for product, provided in Algorithm 7,
composed with the filter lowering in Algorithm 2,
onto a simple binary tree with Leaf and Interior
variants.

Example. For collision detection (where the filter
predicate is intersects), this abstract code is low-
ered to Figure 5b, which matches the standard dual
tree collision detection algorithms [20].

Output. The return type is a set of tuple pairs.
Performance Characteristics. Let 𝑛 and 𝑚 be the

sizes of the outer and inner sets. The worst-case
runtime is Θ(𝑛 ·𝑚) when no pruning occurs. The
runtime for this class of algorithms depends heavily
on the predicate and the data distributions. For example, if the root nodes are disjoint w.r.t the
query predicate, the traversal terminates immediately in 𝑂 (1) time. In general, it is not possible to
give a meaningful asymptotic bound without a specific predicate or data distribution, but runtime
is always lower-bounded by construction of both trees: Ω(𝑛 · log |𝑛 | +𝑚 · log |𝑚 |). Parallelization
is nontrivial (there is no trivially parallelizable outer loop), but the recursive traversal can be
parallelized via work stealing [9].
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func dual_traversal(t0 : Tree , t1 : Tree) =
match t0, t1 with
| Leaf(d0), Leaf(d1) �
if 𝑃 (d0, d1): yield (d0, d1)

| Leaf(d0), Interior(l, r) �
if always(𝑃 , d0, t1): scan t0, t1
elif maybe(𝑃 , d0 , t1): from t0, t1
| Interior(l, r), Leaf(d1) �
if always(𝑃 , t0, d1): scan t0, t1
elif maybe(𝑃 , t0 , d1): from t0, t1
| Interior(l0, r0), Interior(l1, r1) �
if always(𝑃 , t0, t1): scan t0, t1
elif maybe(𝑃 , t0 , t1): from t0, t1

(a) Generic dual traversal join of two trees under

predicate 𝑃 . scan and from recurse on each pair of

children (the product of children).

func collisions(t0 : Tree , t1 : Tree) =
match t0, t1 with
| Leaf(d0), Leaf(d1) �
if intersects(d0 , d1): yield (d0, d1)

| Leaf(d0), Interior(l, r) �
if contains(d0, t1): scan t0, t1
elif intersects(d0, t1): from t0, t1
| Interior(l, r), Leaf(d1) �
if contains(d1, t0): scan t0, t1
elif intersects(t0, d1): from t0, t1
| Interior(l0, r0), Interior(l1, r1) �
if intersects(t0 , t1): from t0, t1

(b) Dual tree traversal with an intersects join pred-

icate. When both arguments vary, no sufficient con-

dition exists, so the final always is false.

Fig. 5. Dual-tree traversal specialization. The generic dual traversal (a) lowers to collision detection (b) by
instantiating predicate 𝑃 as intersects. always and maybe specialize to contains and intersects.

8 Code Generation and Implementation
Bonsai compiles to C++. Tree layouts are specified using Scion [29] to provide compact layouts
for self-comparisons and match other systems in cross-system comparisons in Section 9.

Outputs. Every Bonsai tree traversal produces some accumulated value, the output type. Every
generated function has a reference to an accumulator of this type as the output parameter.
Generating sets. If the output type of a query is a set, then the accumulator is our custom C++

Set<T> type: yields become appends and iters become grouped appends.
Producing scalars. If the output type of a query is a scalar (e.g., min), then the accumulator is just

the C++ version of the scalar type, and upd is lowered to a mutation.
Lowering from. from is always lowered into recursive calls applied to all children of the argument

type. For froms applied to multiple parameters (from lowering a product), these are lowered to
the Cartesian product of children nodes, as in standard dual tree traversals [20].

Lowering scan. Every scan is lowered into the standard tree traversal on the base tree type, with
any map function applied to the leaf primitives, and any reduction operator lowered last. Note that
in the case of multiple tree parameters (from lowering a product), scans again become Cartesian
products, and aggregate functions are applied on the products.

Example. Consider lowering a collision detection join that counts3 the number of collisions:

f(s0 : Set <T>, s1 : Set <S>) = count(filter (|t : T, s : S| intersects(t, s), product(s0, s)));

Bonsai fuses the count into the traversal in Figure 5b. The lowered C++ (Figure 6) passes the accu-
mulator as the final parameter to both traversal functions (querying, scanning). While specialized
scans could be generated (e.g., when the first parameter is always a leaf), we avoid this to prevent a
combinatorial number of specialized variants. Such specialization could be profitable.

9 Evaluation
We evaluate two primary claims for both regular filters and our generalized join algorithms:

(1) Bonsai achieves pruning efficiency and runtime performance comparable to hand-written
tree traversals; and

3A count aggregate is a map that maps all elements to 1 followed by a sum reduction.
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void f(Tree t0, Tree t1, u64 &c) {
if (is_leaf(t0)) {
if (is_leaf(t1)) {

if (intersects(t0.prim , t1.prim)) c++;
} else { // t1 is interior
if (contains(t0.prim , t1.vol)) {
f_scan(t0, t1, c);

} else if (intersects(t0.prim , t1.vol)) {
f(t0, t1.left , c);
f(t0, t1.right , c);

}
}

} else { // t0 is interior
if (is_leaf(t1)) {
// flip the t0 leaf t1 interior case above

} else { // t1 is interior
if (intersects(t0.vol , t1.vol)) {
f(t0.left , t1.left , c);
f(t0.right , t1.left , c);
f(t0.left , t1.right , c);
f(t0.right , t1.right , c); }}}}

(a) The count of collisions, lowered to C++.

void f_scan(Tree t0, Tree t1, u64 &c) {
if (is_leaf(t0)) {
if (is_leaf(t1)) {
c++;

} else {
// t1 is interior
f_scan(t0, t1.left , c);
f_scan(t0, t1.right , c);

}
} else {
// t0 is interior
if (is_leaf(t1)) {
f_scan(t0.left , t1, c);
f_scan(t0.right , t1 , c);

} else {
// t1 is interior
f_scan(t0.left , t1.left , c);
f_scan(t0.right , t1.left , c);
f_scan(t0.left , t1.right , c);
f_scan(t0.right , t1.right , c);

}}}

(b) Lowered scan with a count accumulator.

Fig. 6. Fused, final lowered C++ of a coiterating two trees, and counting collisions over leaf and interior

variants. The user supplies intersects/contains code (in C++ or in Bonsai’s kernel language).

(2) Bonsai can generate pruned traversals that existing systems are missing, resulting in im-
proved performance for certain queries.

We also present an ablation study quantifying the impact of fusion on compound filter-reduction
queries, and analyze how data distribution impacts the performance of different join strategies.

9.1 Methodology
We evaluate on an Intel Core i9-14900K (3.2 GHz, 24 cores) with 196 GB DDR4 RAM, 896 KiB of
L1 data cache, 32 MiB of L2 cache, and 36 MiB of L3 cache. Benchmarks run single-threaded to
isolate asymptotic behavior and bound to performance cores via numactl. Generated kernels are
compiled with clang++ 21.1.3. Each benchmark runs 7 times; we discard the fastest and slowest
and report the mean of the remaining 5 runs. Runs timeout after 30s.
For graphics queries, we compare against Fastest Closest Points in the West (FCPW) [68]

and the Flexible Collision Library (FCL) [53]. For scalar queries, we compare to SQLite [32] and
DuckDB [58], both configured to run entirely in memory. Graphics models are drawn from the
McGuire archive [44]; scalar benchmarks use synthetic uniformly random data, except the salary
join, which follows Khayyat et al. [38]. All generated data uses a fixed seed (42) for reproducibility.
Unless otherwise stated, trees are built using a standard recursive spatial median-split algo-

rithm [36]. Optimizing tree construction is not a focus of this work; reported runtimes for joins
include both with and without tree build times for transparency.

9.2 Compile Times
Compilation times are interactive, i.e., 1–5ms per query for all queries. Compiling the generated C++
code with -O3 takes approximately 50ms per query. This could be reduced with lighter compiler
optimizations or less template metaprogramming in our benchmarking framework.
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9.3 Comparison to Hand-Written Traversals
9.3.1 Graphics Queries. To demonstrate that Bonsai’s geometric pruning and lowering match
state-of-the-art performance, we compare to three representative and optimized graphics queries:
closest point queries, ray tracing, and collision detection. Closest point queries (min over distmin)
and ray tracing (argmin on filter) use a single-index join, iterating over an array of points or
rays and querying a tree built on the scene geometry (e.g., triangles). We directly copy FCPW’s tree
topology and layout for fair comparison. For collision detection, we compare our lowered filter
of a product against FCL’s hand-written dual-index traversal, matching FCL’s tree layout, and
made a best effort at duplicating their build algorithm.

Closest point queries: Figure 7a shows runtimes of Bonsai and FCPW [68] closest point queries
over three scenes and varying numbers of randomly generated query points within each scene’s
bounding box. Bonsai is on par with FCPW: it is on average (arithmetic mean) 0.87× the throughput
of FCPW on the White Oak scene; 1.38× on the Dragon scene; and 0.97× on the Hairball scene.
We see two differences between FCPW’s code and Bonsai-generated code that could explain
the performance differences: although FCPW has better vector instruction usage (via the Eigen
library [27]), it records information beyond just the closest point to the query point. We believe the
speedup on Dragon could be due to Bonsai’s query specialization removing such metadata.

Closest hit ray tracing: Figure 7b compares Bonsai with FCPW on ray tracing performance. Again,
Bonsai is on par with FCPW: the range of speedups for the White Oak scene is 1.09×–1.19× (avg.
of 1.17×); for the Dragon scene: 0.99×–1.16× (avg. of 1.04×); and the Hairball scene: 1.06×–1.19×
(avg. of 1.13×). As before, we believe any speedup comes from query specialization, as manual
inspection confirms the tree traversals generated by Bonsai are identical to FCPW’s hand-written
traversals. Because ray-bounding box and ray-triangle intersection are less vectorizable than the
point-box and point-triangle distance queries used for closest point queries, FCPW’s improved
vector instruction support offers less advantage here. However, extending Bonsai with improved
vectorization support remains a valuable future direction.

Collision detection: Figure 7c shows a speedup plot of Bonsai versus FCL [53] across scene pairs
from FCL’s benchmarking suite. Bonsai-generated code is consistently faster—not due to improved
pruning, but because FCL relies heavily on virtual function dispatch for geometry intersection
and includes profiling hooks that cannot be disabled. Bonsai achieves a 2.36× speedup on dragon–
dragon rotated scenes (8,688 collisions); 1.69× on dragon rotated–hairball rotated (48,238 collisions);
1.64× on hairball–dragon (123,055 collisions); and 1.66× on hairball–hairball rotated (5,118,441
collisions). These results indicate that Bonsai matches the pruning efficiency of hand-written
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Fig. 7. Comparison of Bonsai versus SotA closest point queries and ray tracing in FCPW [68], and collision

detection versus FCL [53]. Lower is better for runtimes (a) and (b), and higher is better for speedups (c).
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Fig. 8. Runtime comparisons with state of the art (SotA) database management systems. Lower is better.

In (a), we plot the runtimes of a 2D range join (join predicate 𝑥0 ∈ [𝑥1 − 𝑘, 𝑥1 + 𝑘] ∧ 𝑦0 ∈ [𝑦1 − 𝑘,𝑦1 + 𝑘]).
Without an index, SQLite produces a nested join, but with an index on (𝑥1, 𝑦1), it will perform a single-index

join; DuckDB performs an IEJoin regardless of the presence of an index. Bonsai’s nested and single-index

joins are on-par with SQLite, but the dual index join out-performs all of them. In (b) we directly compare

to DuckDB’s IEJoin on a benchmark from the original paper [38], counting the number of employees in a

database who make less money but pay higher taxes than a peer. Even incorporating Bonsai’s unoptimized

tree construction times, both Bonsai generated joins out-perform DuckDB’s custom join.

collision systems, while the speedup shows the benefit of specializing code at compile time instead
of relying on runtime dynamic dispatch.

9.3.2 Range and Inequality Joins. Relational DBMSs like SQLite [32] use hand-optimized tree
traversals (e.g., B-trees) to accelerate range queries of the form x in [low, high]. To evaluate
Bonsai in this context, we test range joins, where each row in one table performs a range query
over the other. Figure 8a shows Bonsai ’s single-index join matches SQLite’s native traversal, while
its dual-index join is faster by leveraging both indexes. Our nested joins also outperform SQLite’s,
confirming them as valid baselines. Bonsai’s gains stem from SQLite’s interpreter overhead.
There also exist specialized (non-tree-based) algorithms for inequality joins [38], a class of

open-ended range predicates. We evaluate Bonsai-generated code against DuckDB’s IEJoin on
one of its benchmarks (Figure 8b), and find that it outperforms the native implementation, even
when including index build time. Overall, these findings establish that Bonsai can reproduce the
performance of expert-written join algorithms while generalizing to new join types, making it a
strong foundation for exploring advanced query operators beyond current database capabilities.

9.4 Comparison to Non-Pruning Code
We evaluate Bonsai on queries for which state-of-the-art systems perform linear or quadratic
scans. We include filters, reductions, and joins, highlighting cases where Bonsai generates pruned

Table 1. Filter predicates used for our evaluation.

Query Predicate Postgres MySQL DuckDB SQLite Bonsai

𝑥 ∈ [−10, 10] Index Index Linear Index Index
𝑥 = 42 Index Index Index Index Index
|𝑥 | ≤ 10 Linear Linear Linear Linear Index
𝑥2 ≤ 100 Linear Linear Linear Linear Index
𝑟𝑜𝑢𝑛𝑑 (𝑥 ) = 10 Linear Linear Linear Linear Index
𝑥2 − 4𝑥 + 3 ≤ 0 Linear Linear Linear Linear Index√︁
|𝑥 | <

√
10 Linear Linear Linear Linear Index

|𝑥 − 𝑢 | > 𝑠 Linear Linear Linear Linear Index

|𝑥 − 𝑦 | < 1 Linear Linear Linear Linear Index
|𝑥 | + |𝑦 | < 1 Linear Linear Linear Linear Index
𝑥2 + 𝑦2 < 10 Linear Linear Linear Linear Index

traversals that traditional systems do not map
to tree queries.

9.4.1 Filters and Reductions. Table 1 lists 12
linear queries that we use to highlight the as-
ymptotic benefits of tree traversals. The first
two queries (a range and a point query) are
accelerated by most database systems we exam-
ined. None of the systems perform index scans
for the remaining ten, despite seven being al-
gebraically reducible to standard range queries
that they already support.
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(a) Accelerated filters on interval trees.
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(b) Accelerated aggregation (count) of filters.
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(c) Accelerated aggregation with count aggregation.
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Fig. 9. Speed-up plots over default linear scans for uniformly sampled data in [−1000, 1000]. Higher is better.

These seven contain predicates on a single variable and highlight the benefits of using tree traver-
sals. Figure 9a illustrates performance gains achieved by computing these filters as tree traversals.
However, many queries plateau when they become write-bound, except for the highly selective
point and standard deviation queries. Figure 9b extends these filters with a count aggregation.
These traversals are now read-bound, and many simply perform scans to aggregate the count. We
therefore extend the queried tree with a count augmentation in Figure 9c, resulting in massive
asymptotic improvements.

Although a sufficiently powerful rewrite system could convert some of these queries into range
queries, others, particularly those with multi-variable predicates, cannot. The final three filter
predicates in Table 1 fall into this category: a diagonal band, a diamond-shaped region, and a
circular filter. Figure 9d plots speedups for filters (orange), a fused count-filter reduction (blue),
and the same reduction on a tree augmented with subtree count metadata (yellow). All outperform
linear scans; more selective queries (diamond and circle) achieve the largest speedups.

28 210 212 214 216 218 220 222 224

Problem Size

1

101

102

103

104

Sp
ee

du
p 

ov
er

 U
nf

us
ed x∈ [−10, 10]

x= 42
|x| ≤ 10
x2 ≤ 100
round(x) = 10
x2 − 4x+ 3 ≤ 0
√ |x| < √ 10
|x− u| > s

Fig. 10. Ablation of count-filter fusion.

9.4.2 Fusion Ablation. Fusion is particularly beneficial
when filters are not very selective, as fusion of a reduction
on a filter both removes the need for an expensive inter-
mediate data structure, and leverages reduction meta-
data available in the tree. To highlight these benefits,
Figure 10 compares fused count(filter()) queries to
their unfused counterparts. Unfused variants perform a
tree traversal to compute the filtered set, and then return
its size. Because the reduction is an𝑂 (1) operation on the
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Fig. 11. Torus join results, with join predicate

√︁
(𝑥0 − 𝑥1)2 + (𝑦0 − 𝑦1)2 ∈ [10, 20]. Both tables are uniformly

randomly sampled within circles of varying radii, to illustrate the impact of data distribution on join choice.

intermediate data structure, any slowdown is a direct result of either (a) allocation and deallocation
of the intermediate or (b) scanning subtrees that could otherwise return the count augmentation.
In line with this observation, Figure 10 shows that fusion yields the greatest speedups for less
selective queries, which benefit from reduced reading and writing overhead.

9.4.3 Joins. Beyond range and salary joins (Figures 8a and 8b), we evaluate a torus join, a hybrid
of range and distance joins that retrieves all pairs of points within a distance range. No database
we tested, including spatial systems, accelerated this join. Figure 11 shows its performance under
varying data distributions. Despite substantial differences in absolute performance, both single and
dual-index joins scale better than the nested join, even when accounting for tree build time.
In Figure 11a, points are sampled from a tight circle; no pairs satisfy the join predicate. This

highlights the strength of dual joins: the algorithm terminates almost immediately after detecting
that the trees are disjoint w.r.t the predicate. When tree-build costs are included, the single-index
join outperforms the dual join, as the latter must build both trees. Thus, for unindexed tables, a
single-index join is preferable, but dual joins are asymptotically superior when both inputs are
indexed. In Figure 11b, sampling from a larger circle yields little pruning for either join type. Within
the measured range (before timeout), the single-index join (with or without build times) appears to
scale better than the dual-index join. Figure 11c considers an even larger circle. Pruning improves
over Figure 11b but is less extreme than in Figure 11a, as many distant subtrees are pruned.

Overall, Bonsai-generated joins can outperform nested joins. The best join strategy depends on
the predicate and data distribution; we leave cost models to automate this choice for future work.

10 Related Work
Significant research has been conducted on the design of tree data structures. For graphics, we
refer the reader to Ericson [20] and Meister et al. [46] for in-depth surveys of spatial acceleration
structures in collision detection and ray tracing, respectively. For databases, we refer the reader to
the spatio-temporal access methods surveys [43, 48, 52] and indexing survey [23].

Generalized Search Trees (GiSTs) [30] attempt to unify database index structures under a common
abstraction, but are not a compilation technique: they still require users to write the pruning
function (termed "Consistent" in their model). GiSTs also do not support a notion of always
functions (for scanning entire subtrees), nor subtree aggregates. We believe our model could serve
as a useful extension of GiSTs to allow them to function for a larger variety of queries.
Term Rewriting Systems. Rewriting systems aim to canonicalize queries into a small number

of queries for which pruning is possible, e.g., a range query. Rewriting systems are challenged
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by local minima and non-termination, motivating both extensive efforts to synthesize them from
real-world data [51, 63], and alternatives like e-graphs [49, 81, 83, 85, 86]. Our technique simplifies
the task of targeting tree traversals by greatly expanding the space of valid targets: rather than
rewriting solely to a limited set of query operators, a system needs only to produce predicates with
derivable necessary or sufficient conditions. While no rewriting was needed for our benchmarks,
such systems remain valuable in practice for simplifying predicates before bounds analysis (e.g., by
removing correlated terms that yield suboptimal interval bounds).

Query Compilation. Query compilers [50, 71, 77] largely treat index queries and tree traversals as
external black-box operators, relying on pattern matching to invoke hand-optimized implementa-
tions when a cost model deems them profitable. The specific filters or database join algorithms (e.g.,
hash, sort-merge, and nested-loop joins [24] and their spatial or multidimensional variants [67])
generally depend on specialized traversal code for specific predicates or data types. These tech-
niques accelerate common queries but do not generalize to arbitrary predicates or reductions. Our
work complements these systems by automatically generating predicate-aware tree traversals,
enabling efficient filters and joins without requiring hand-written specialization.
Interval Analysis in Computer Graphics.While our algorithm for generating pruning functions

was inspired by Halide’s symbolic interval analysis [59, 60], there has long been use of symbolic
and numeric interval analysis in computer graphics [37, 47, 73, 78, 79]. Interval analysis enables
hierarchical reasoning about whether equations have solutions over an interval, allowing optimizers
to prune solution spaces [73]. We extend this idea to compile tree queries and to handle spatial
operators.

Pruning in Databases. Similarly, the databases community has long used pruning to reject parti-
tions of data that cannot satisfy a query predicate [25, 74, 75]. This idea resembles our generation of
the maybe pruning function, though it is typically used at runtime, not compile time. Recently, Zim-
merer et al. [88] proposed computing an equivalent to the always function via the relationship
always(𝑃) = ¬maybe(¬𝑃), but is limited to accelerating LIMIT queries, though it could extend to a
wider range of query types, especially when partition metadata can be used to produce aggregates
on scans without iterating over the data. Our formalization of pruning functions could strengthen
such systems, while our spatial extension could support efficient pruning of spatial predicates, and
our reduction-handling techniques could improve filtered reductions over partitioned data.
Compilers for Irregular Traversal Patterns. Multiple domain-specific languages for other do-

mains (and classes of data structures) have used data structure properties in the compilation of
asymptotically-efficient code, e.g., sparse tensor algebra [11, 12, 39] with extensions to more gen-
eral sparse array processing [31, 42, 65, 76], sparse grids [34] with extensions to meshes [84], and
graphs [87]. We provide a similar framework for tree data structures and pruning traversals. Though
the graphics community has explored languages for collision detection [8] and ray tracing [55, 56],
each relies on hand-written traversal routines. In contrast, our higher-level representation (Section 3)
broadens support for more general spatial queries.

Parallelizing Traversals. Significant work has explored parallelizing recursive programs and tree
traversals outside of domain-specific languages [10, 22, 40, 61, 66, 70, 72]. These works are largely
orthogonal to ours, as they seek to efficiently parallelize code patterns such as those generated by
our compiler.

11 Conclusion and Future Work
We describe the first technique for compiling high-level queries into pruning tree traversals. Our
technique is enabled by the key insight that hand-written tree traversals are based on necessary
and sufficient conditions as functions of node metadata, which imply or disprove query predicates
without iterating all data in the subtree. This technique is further enabled by an efficient derivation

Proc. ACM Program. Lang., Vol. 10, No. PLDI, Article 178. Publication date: June 2026.



178:22 Root et al.

procedure for generating these conditions based on standard symbolic interval analysis with a
novel extension to spatial operators. Our results demonstrate that accelerated filters and joins do
not need to rely on bespoke data-structure-specific code, but can instead be generated by a compiler.
This suggests a path toward query engines that treat tree-based acceleration as a reusable, derivable
optimization rather than a small set of inflexible primitives. We envision many directions for future
work, including:

DBMS Integration. Integrating our techniques into a database management system (DBMS)
requires both implementing physical relational operators for tree queries (e.g., a generalized
Index Scan) and developing cost models to drive operator selection. Such cost models must
consider both query predicates and data distributions to assess pruning potential. For example,
a DBMS observing frequent long-running queries that filter or aggregate on a column
could automatically build bounds or reduction annotations for that column, respectively.
However, this may only be profitable given certain data distributions on the column, as shown
in Figure 11. Determining when a profile warrants index construction requires accurate
modeling of compute gains against the memory overhead of storing the index, which we
believe requires further research on cost models.

Tree Design. Different choices of stored metadata induce different asymptotics of tree traver-
sals, but also impact memory usage; synthesizing a tree design (i.e., the choice of metadata)
automatically for a query or set of queries would enable automatic optimization of queries.

Space Partitioning Trees. Space partitioning trees such as k-d trees [7] (as opposed to bound-
ing volume hierarchies) offer weaker invariants for non-point data: their implicit bounding
volumes only promise overlap with primitives beneath a node, and geometry often needs to
be duplicated in the tree [18]. Nevertheless, they offer benefits for some classes of queries
(e.g., in-order all-hit ray tracing). Developing predicate analysis for overlap volumes and
deriving deduplication techniques could enable further query acceleration.

Scheduling. The ray tracing community has performed extensive research on improving the
performance of tree traversals on parallel hardware (e.g., packet tracing [80], techniques
for improving coherence on GPUs [2], and wavefront traversals [1]). Supporting these
optimizations for a larger class of queries via program transformations could be useful.

Construction Algorithms. It is well-known that the construction of a tree on geometry has
a significant impact on query performance [3, 5, 26, 35, 41, 45, 54]. Exploring the design
space of construction time versus tree quality is important work that could be made easier
by compiler techniques.

Together, these directions broaden the scope of pruning-based optimization and move us toward
compiler-drivenmethods for accelerated query processing.We hope this work serves as a foundation
for research in tree traversal design and derivation.

Data-Availability Statement
Performance results were generated with a publicly available artifact [64] containing all bench-
marking code and scripts, as well as instructions for reproducibility. The Bonsai compiler is also
available at https://github.com/rootjalex/bonsai. Benchmarking results may very based on the
hardware used.
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